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ABSTRACT
An auditory-based transform is presented in this paper. Through an
analysis process, the transform coverts time-domain signals into a
set of filter bank output. The frequency responses and distributions
of the filter bank are similar to those in the basilar membrane of the
cochlea. Signal processing can be conducted in the decomposed
signal domain. Through a synthesis process, the decomposed signals can be synthesized back to the original signal through a simple computation. Also, fast algorithms for discrete-time signals are
presented for both the forward and inverse transforms. The transform has been approved in theory and validated in experiments.
An example on noise reduction application is presented. The proposed transform is robust to background and computational noises
and is free from pitch harmonics. The derived fast algorithm can
also be used to compute continuous wavelet transform.
Index Terms— Noise reduction, robust audio signal processing, fast transform, cochlea
1. INTRODUCTION
The Fourier transform (FT) is the most popularly used transform
to convert signals from the time domain to frequency domain;
however, it has fixed time-frequency resolution and the frequency
distribution is restricted to be linear. These limitations generate
problems in audio and speech processing such as the pitch harmonics, computational noise, and sensitivity to background noise.
On the other hand, the wavelet transform (WT) provides flexible
time-frequency resolution, but also has notable problems. First,
no existing wavelet is capable of mimicking the impulse responses
of the basilar membrane closely, so it cannot be directly used to
model the cochlea or carry out related computation. Additionally,
even though forward and inverse continuous wavelets transforms
are defined for continuous variables, to the best of our knowledge,
there is no numerical computational formula for real inverse continuous wavelet transforms (ICWT). No such function exists even
in a commercial wavelet package. Discrete wavelet transform has
been applied in speech processing, but the frequency distribution
is limited to the dyadic scale which is different from the scale in
the cochlea.
Motivated by the fact that the human auditory system outperforms current machine-based systems for acoustic signal processing, we developed an auditory-based transform to facilitate our future research in developing high performance systems. The traveling waves of the basilar membrane in the cochlea and its impose
response have been measured and reported in the literature, such as
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[1]. The basilar membrane tuning and auditory filter shapes have
also been studied in the literature, such as [2]. Many electronic and
mathematic models have been defined to mimic the traveling wave,
auditory filters, and frequency responses of the basilar membrane.
Furthermore, based on the concept of the cochlea, many feature
extraction algorithms have been developed for speech recognition,
such as MFCC and others. Since all the above approaches are
focused on studying and modeling the auditory periphery system.
They provide the analysis, but no synthesis. However, an auditorybased transform with both forward and inverse transforms for digital computers is needed for many audio applications, such as
noise reduction, hearing aid, coding, speech and music synthesis,
speaker and speech recognition, etc.
Gamatone filter banks [3] has been proposed to model the impulse responses of the basilar membrane and has been used to decompose time-domain signals into different frequency bands; however, there is no mathematical proof of how to synthesize the decomposed multichannel signals back to a time-domain signal. Although some suggestions on resynthesis have been given in plain
language [4] or simply at the conceptual level, there remain no
details or mathematical proof to validate the accuracy and computation efficiency. Actually, from our analysis, the suggested computation in [4] is at least redundant. In [5], a Gammatone based
transform with analysis and synthesis was presented, but the filter
bank derives a complex valued output which is not only different
from the real cochlea but further complicates its implementation.
To employ the concept of the auditory system to audio signal
processing, Li proposed an auditory-based transform in [6]. The
detailed results are presented here. We note that the purpose of
this research is not to model the cochlea precisely and completely;
instead, it is to provide a simple and fast transform for real application, as an alternative selection to the FT and WT.
2. DEFINITION OF THE PROPOSED TRANSFORM
When sound enters the human ear, acoustic energy from the outer
ear is converted to mechanical energy via the middle ear which
consists of three small bones. When the last bone in the middle
ear, the stapes, moves, it sets the fluid inside the cochlea in motion creating traveling waves on the basilar membrane.the impulse
response of the basilar membrane (BM) in the cochlea can be rep . The function satisfies the
resented by function 
following conditions:
1. It integrates to zero:
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4. It tapers off to zero on both ends just as it is observed in
psychoacoustic experiments with the BM [1].
5. It has one major modulation frequency and its frequency
response is a triangle-like, band-pass filter.
The first three conditions are required by mathematics for further
derivation. The last two are required in order to match previous
psychoacoustic and physiological experimental results and to approximate numerical computations presented later.
Let  be any square integrable function. The forward transform of  with respect to a function representing the BM impulse response  is defined as:
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The factor is a scale or dilation variable. By changing , we can
shift the central frequency of an impulse response function. The
factor  is a time shift or translation variable. For a given value of
, the factor  shifts the function   by an amount  along the
time axis.
A typical cochlear impulse response function or cochlear filter
can be defined as:
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Note that    is an energy normalizing factor. It ensures that
the energy stays the same for all and ; therefore, we have:

½

½

0.006

−80

−100

 

0.004

Figure 1: Impulse responses of the BM in the proposed transform
when    and    . They are very similar to psychological
measurements, such as the figures in [1].
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where and  are real, and both  and  belong to  ,
and
 represents the traveling waves in the BM. The above
equation can also be written as:

 

1000



507

 





Magnitude (dB)

½

½

x 10
1
0
−1
0
0.002
−5
x 10
1
0
−1
0
0.002
−5
x 10
1
0
−1
0
0.002
−6
x 10
5
0
−5
0
0.002
−6
x 10
5
0
−5
0
0.002

Magnitude (dB)

  and

where   

3046

½
    
½

4050 Hz

−5

2. It is square integrable or has finite energy:

3. It satisfies:
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(9)

where    and   ,   is the unit step function,    
for    and  otherwise. The value of  should be selected such
that (1) is satisfied.  is the time shift variable, and is the scale
variable. The value of can be determined by the current filter

Figure 2: The frequency responses of the cochlear filters when
  : (A)    ; and (B)   .
and the lowest central frequency
central frequency
cochlear filter bank:
 

 



in the
(10)

Since we contract   with the lowest frequency along the time
axis, the value of is in    . If we stretch , the value
of  . The frequency distribution of the cochlear filter can be
in the form of linear or nonlinear scales such as ERB (equivalent
rectangular bandwidth) Bark, Mel, log, etc. Note that the values
needs to be pre-calculated for the required central freof the
quency of the cochlear filter. Fig. 1 shows the impulse responses
for 5 cochlear filters and Fig. 2, their corresponding frequency responses. Normally, we use   . The value of  can be selected
by applications. We used    for noise reduction and smaller
values for feature extraction.
3. THE INVERSE TRANSFORM
Just as the Fourier transform requires an inverse transform a similar inverse transform is also needed for the proposed transform.
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The need arises when the processed frequency decomposed signals need to be converted back real signals, such as speech and
music synthesis and noise reduction; and second, to prove that no
information is lost through the proposed forward transforms. This
is necessary to a transform.
If (3) is satisfied, the inverse transform exists:
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Take the Fourier transform of both sides, the convolution becomes
multiplication:
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The integration on the right hand side can be further written as:
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to meet the admissibility condition in (3) where
Rearrange (14), we can then have
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is a constant.

  

½  

(15)



 

(16)
We now can take inverse Fourier transform on both sides of the
above equation to achieve (11).
4. THE DISCRETE-TIME AND FAST TRANSFORM
In practical applications, the discrete-time cochlear transform is
necessary. The forward discrete transform can be written as:


 





 







 




(17)

is the scaling factor for the th frequency band
where   
and  is the length of digital signal . The scaling factor
can be a linear or nonlinear scale. For the discrete transform,
can also be in ERB-scale, Bark, Log, or other nonlinear scales.
The corresponding discrete-time inverse transform is:
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where    and    represents the Fourier transforms of 
and , respectively. We now multiply both sides of the above
equation by     and integrate with :
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The derivation of the above transform is similar to inverse continuous wavelet transform [7]. Equation (6) can be written in the form
of convolution with :

½
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Figure 3: (A) and (B) are speech waveforms simultaneously
recorded in a moving car. The microphones are located at the car
visor and drivers lapel, respectively. (C) is after noise reduction
using the proposed transform from the waveform in (A).

  , and      . We
where      ,  
note that  approximates to  given the limited number of
decomposed frequency bands. The above formulas have been verified by the following experiments. Also note that (18) can also be
applied to compute the inverse continuous WT, where needs to
be replaced.
Just as the Fourier Transform has a fast algorithm, the FFT, the
fast algorithms for the proposed transform also exists. The most
computational intensive components in (17) and (18), the convolutions, of both the forward and the inverse transforms can be implemented by the FFT. Also, depending on the application, the
resolution of the lower frequency bands can be reduced to save the
computation.
5. EXPERIMENTS AND DISCUSSIONS
Transform Validation: In addition to the theoretical proof, we also
validated the proposed transform via real audio data. One of our
experiments is to use the speech waveform of a males voice saying
the words: two, zero, five, as shown in Fig. 3 (A) as the original
data. In the forward transform using (17), we used frequencies
between 80 Hz to 5KHz.    and    to decompose the
original data into multiple frequency bands in the Bark scale. In
the inverse transform using (18), we synthesized the multiple band
output back to speech. When plotted both waveforms before and
after the transform, we cannot visualize any difference. We then
use the correlation coefficients  as the measurement to compute

Table 1: Correlation Coefficients  between the original and
synthesized signals using the proposed inverse transform.
No. of Filters



8
0.74

16
0.96

32
0.99

64
0.99
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where   is a function where  in (9) is a constant. The derivation of (9) comes from the impulse response experimental results
in [1, 9]. The suggested resynthesis approach for Gammatone [4]
is different from the results of the proposed inverse transform.
Compared to the FT, the proposed transform only uses real
number computation and is more robust to noises. Its frequency
distribution can be in any linear or nonlinear scale. The proposed
transform is similar to the continuous WT (CWT); however, the
filter in (9) is different than existing wavelets. Also, there is no formula to compute the inverse CWT numerically. We note that (18)
can also be applied to compute the ICWT. Compared to discretetime WT, the frequency response of proposed transform is not limited to the dyadic scale. It can be in any linear or nonlinear scale.
6. CONCLUSIONS

Figure 4: (A) and (B) are from the FFT and the proposed spectrogram, respectively. They were displayed in the Bark scale from
0 to 6.4 Barks (0 to 3500 KHz). The proposed transform is harmonic free and has less computational noise. The original speech
waveform was from Fig. 3 (A).

the difference. The results are shown in Table 1. It validated the
proposed forward and inverse transforms derived. It also indicates
that 32 filters are good for most applications.
Noise Robustness: Using the data in Fig. 3 (A), we calculated the FFT spectrograms as shown in Fig. 4 (A), with 30 ms
Hamming window shifting every 10 ms. To facilitate the comparison, we swapped the frequency distribution from linear scale to
the Bark scale using the method in [8]. The spectrograms from the
proposed auditory-based transform is shown in Fig. 4 (B). They
were generated from the output of the proposed transform using
the same window size to compute the average densities for each
band. Comparing the two spectrograms in Fig. 4, we found that
there are no pitch harmonics and less computational noise in the
spectrums generated from the proposed transform. This is due
to the variable length of filters. Furthermore, when comparing
the spectrums, we found that the proposed transform can generate clear pitch signal for detection and has much less distortion to
background noises.
Applications: Fig. 3 is also an example of applying the proposed transform to noise reduction. The original speech, as shown
in Fig. 3 (A), was first decomposed into 32 frequency bands using (17). A voice detector was used to recognize noise and speech
using a moving window. A denoising function was then applied
to each of the decomposed frequency bands. The inverse transform in (18) is then applied to convert the processed signals back
to clean speech signal as shown in Fig. 3 (C), which is similar to
the original close talking data in Fig. 3 (B).
Recently, based on the proposed transform, we have developed
a new feature extraction algorithm which has shown significant
noise robustness over the MFCC feature in speaker recognition.
The result will be published later.
Discussions: In comparison, Eq. (9) is different than the Gammatone filters:
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The concept of the proposed transform is to mimic the impulse responses of the basilar membrane and its nonlinear frequency distribution characteristics. As the results show, the proposed transform
has significant advantages in its noise robustness and its freedom
from harmonic distortion and computational noise. These advantages can lead to many new applications, such as robust features
for speech and speaker recognition, new algorithms for noise reduction and denosing, speech and music synthesis, audio coding,
hearing aid, audio signal processing, etc. In summary, the proposed transform is a new time-frequency transform for audio and
speech processing and many other applications.
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